Conformal rescaling of conformal Yano-Killing tensors and relations between Yano and CYK tensors are discussed. Pullback of these objects to a submanifold is used to construct all solutions of a CYK equation in anti-de Sitter and de Sitter spacetimes. Properties of asymptotic conformal Yano-Killing tensors are examined for asymptotic anti-de Sitter spacetimes. Explicit asymptotic forms of them are derived. The results are used to construct asymptotic charges in asymptotic AdS spacetime. Well known examples like Schwarzschild-AdS, KerrAdS and NUT-AdS are examined carefully in the construction of the concept of energy, angular momentum and dual mass in asymptotic AdS spacetime.
Introduction
According to [28] one can define, in terms of spacetime curvature, two kinds of conserved quantities with the help of conformal Yano-Killing tensors (see [39] , [40] ). Sometimes they are also called conformal Killing forms or twistor forms (see e.g. [6] , [30] , [36] , [37] ). The first kind is linear and the second quadratic with respect to the Weyl tensor but a basis for both of them is the Maxwell field. Conserved quantities which are linear with respect to CYK tensor were investigated many times (cf. [1] , [16] , [17] , [26] , [27] , [28] , [31] , [32] ). On the other hand, quadratic charges are less known and usually examined in terms of the Bel-Robinson tensor (see e.g. [8] , [9] , [10] , [12] ).
In electrodynamics the linear quantity corresponds to electric or magnetic charge and the quadratic one expresses the energy, linear momentum or angular momentum of the Maxwell field. In gravity both kinds of charges play a role of energy. The linear conserved quantities (as two-surface integrals) correspond to ADM mass and linear or angular momentum but bilinear ones are not obviously related to energy. They rather play a role of energy estimates like in [10] (cf. [3] ). In this paper we analyze the existence and the properties of the linear charges for asymptotic anti-de Sitter spacetimes.
Let M be an n-dimensional (n > 1) manifold with a Riemannian or pseudoRiemannian metric g µν . The covariant derivative associated with the Levi-Civita connection will be denoted by ∇ or just by " ; ". By T ...(µν)... we will denote the symmetric part and by T ... [µν] ... the skew-symmetric part of tensor T ...µν... with respect to indices µ and ν (analogous symbols may be used for more indices).
Let Q µν be a skew-symmetric tensor field (two-form) on M and let us denote by Q λκσ a (three-index) tensor which is defined as follows:
Q λκσ (Q, g) := Q λκ;σ + Q σκ;λ − 2 n − 1 g σλ Q ν κ;ν + g κ(λ Q σ) µ ;µ .
(1.1)
The object Q has the following algebraic properties
i.e. it is traceless and partially symmetric.
Definition 1.
A skew-symmetric tensor Q µν is a conformal Yano-Killing tensor (or simply CYK tensor) for the metric g iff Q λκσ (Q, g) = 0.
In other words, Q µν is a conformal Yano-Killing tensor if it fulfils the following equation:
(first proposed by Tachibana and Kashiwada, cf. [39] ). A more abstract way with no indices of describing a CYK tensor can be found in [7] , [30] , [36] or [37] , where it is considered as the element of the kernel of the twistor operator Q → T wist Q defined as follows:
However, to simplify the exposition, we prefer abstract index notation which also seems to be more popular. The paper is organized as follows: In Section 2 we prove the Theorem: if Q is a CYK tensor of the ambient (n + 1)-dimensional spacetime metric
g (in a special form), then its pullback to (the correctly chosen) submanifold is a CYK tensor of the induced metric (n) g , which may be easily applied for anti-de Sitter embedded in flat pseudo-Riemannian five-dimensional manifold. In the next Section we use the preceding results to construct all CYK tensors in de Sitter and anti-de Sitter spacetimes. Section 4 is devoted to the anti-de Sitter spacetime together with some important examples. In particular, we construct (more explicitly than usual) Fefferman-Graham canonical coordinates for the Kerr-AdS solution. Next Section contains analysis of symplectic structure at scri and, finally, in the Section 6 we analyze asymptotic charges. To clarify the exposition some of the technical results and proofs have been shifted to the appendix.
Pullback of CYK tensor to submanifold of codimension one
Let N be a differential manifold of dimension n + 1 and
g its metric tensor (the signature of the metric plays no role). Moreover, we assume that there exists a coordinate system (x A ), where A = 0, . . . , n, in which
g takes the following form:
where s is equal to 1 or −1, u ≡ x n , f is a certain function, and h is a certain tensor, which does not depend on u. The metric (2.1) possesses a conformal Killing vector field
h is a metric tensor on a submanifold M := {u = const.}.
We will denote it by (n) g . We will distinguish all objects associated with the metric g by writing (n) above their symbols. Similar notation will be used for objects associated with the metric
g . It turns out that:
g in N, then its pullback to the submanifold M is a CYK tensor of the metric (n) g .
Proof.
In order to show this, we need to derive some helpful formulae. Let us notice that in coordinates x A we have 2 :
It means that the only non-vanishing derivatives of the metric are the following:
we compute all non-vanishing Christoffel symbol of the metric
which is a conformal Killing vector field for the original metric (2.1). 2 In this chapter we will use the convention that indices denoted by capital letters of the Latin alphabet go from 0 to n and Greek indices go from 0 to n − 1. The index u denotes n-th component of a tensor.
Using formulae (2.4) we compute:
Let us denote
∇µ Q νρ . The formula (2.5) directly implies that:
Tensor Q satisfies the CYK equation, i.e.
(n+1)
Substituting A = B = u and C = ρ we get:
Using formulae (2.6) and (2.8) we compute:
which implies:
Using formulae (2.5) and (2.10) we get:
Left-hand side of the equation (2.11) vanishes because Q is a CYK tensor of the
g . This implies that the right-hand side is also equal to zero, hence the pullback of Q to the surface u = const. is a CYK tensor of the metric
g .
CYK tensors in the de Sitter (and anti-de Sitter) spacetime
In this Section we will discuss the problem of existence and basic properties of CYK tensors for de Sitter and anti-de Sitter metrics. These metrics are solutions to the vacuum Einstein equations with the cosmological constant Λ having a maximal symmetry group. Therefore, they can be treated as a generalization of the flat Minkowski metric to the case of nonzero cosmological constant. De Sitter metric is a solution of Einstein equations with positive cosmological constant. Anti-de Sitter metric corresponds to negative cosmological constant. We will restrict ourselves to the case of four dimensional metrics, although they can be defined for manifolds of any dimension (cf. [21] , [34] ). In dimension four we can express these metrics with the use of coordinate system (t, r, θ, φ) as follows
where dΩ 2 := dθ 2 + sin 2 θ dφ 2 is a unit sphere metric and l is a certain constant related to the cosmological constant by the formula Λ = 3s/l 2 . Moreover, s is equal to 1 for de Sitter metric and −1 for anti-de Sitter metric. When l goes to infinity, the cosmological constant goes to zero and the metric (3.1) approaches a flat metric, as one could expect.
Quite often it is more convenient to use another (rescaled) coordinate system together with the following notation:t = t l ,r = r l . In coordinates (t,r, θ, φ) (anti-)de Sitter metric has the following form:
(Anti-)de Sitter manifold (denoted byM ) is (by definition) Einstein spacetime i.e. its Ricci tensor is proportional to the metric. Its Weyl tensor vanishes which means it is a conformally flat metric (i.e. there exists a conformal rescaling which brings it to the flat Minkowski metric). As we have shown in [24] , four-dimensional Minkowski spacetime admits twenty-dimensional space of solutions of the CYK equation. Moreover, the following (proved in [24] ) implies that (anti-)de Sitter also admits precisely twenty independent CYK tensors 3 . We will show in the sequel how to obtain them in an independent way and examine their basic properties.
In order to do that we use the immersion of our four-dimensional (anti-)de Sitter spacetime in five-dimensional flat pseudo-Riemmannian manifold with signature (s, 1, 1, 1, −1). In order to make formulae more legible we will use the following convention: Greek indices µ, ν, . . . label spacetime coordinates inM and run from 0 to 3; Latin indices i, j, . . . label space coordinates and run from 1 to 3, and finally indices denoted by capital letters of the Latin alphabet go from 0 to 4 and they label coordinates in N.
Let N be a five-dimensional differential manifold with a global coordinate system (y A ). We define the metric tensor η of the manifold N by the formula:
LetM be a submanifold of N defined by:
The metric η restricted toM is just the (anti-)de Sitter metric (cf. [33] ). In order to see this, let us introduce a coordinate system (t,r, θ, φ) onM. However, we need to consider the cases s = 1 and s = −1 separately. For s = 1 a parametrization ofM takes the following form:
y 3 = lr cos θ, (3.8)
If s = −1, the analogous formulae are the following:
10)
11)
12)
13)
Let us notice that functions l,t,r, θ and φ can be considered as the local coordinate system on N. Substituting formulae (3.5)-(3.9) or (3.10)-(3.14) into definition (3.3) of the metric η we get:
In particular, formula (3.15) implies that η restricted to the surface M := {l = const.} ⊂ N has the same form as the metricg (cf. (3.2) ).
Identifying the (anti-)de Sitter spacetime with the submanifoldM enables one to find all Killing vector fields of the metricg. The vector fields
(where y A := η AB y B ) are the Killing fields of the metric η. However, the formulae defining the fields L AB depend on the sign s. For s = 1 we get: 19) where in the coordinate system on N instead of spherical coordinatesr, θ, φ we use Cartesian
we have:
It is easy to notice that those fields are tangent toM and therefore their restrictions to the submanifold are Killing fields of the induced metric. The fields defined on N as well as their restrictions toM will be denoted by the same symbol L AB . Restricting the fields L AB toM we get 10 linearly independent Killing fields of the metricg. This is the maximum number of the independent Killing fields the four-dimensional metric can have, so L AB span the space of the Killing fields of the metricg. The formula (3.15) shows that the metric η in the coordinates (l,t,r, θ, φ) has the form (2.1) which implies that the CYK tensors of the metric η restricted to the surface l = const. are the CYK tensors of the induced metric. In this way from the CYK tensors in N we obtain the CYK tensors inM . Let us consider 10 linearly independent tensors dy A ∧ dy B defined in N. Obviously they are Yano tensors of the metric η. Their restriction to the submanifoldM gives us 10 linearly independent CYK tensors ofg. None of them is Yano tensor. We have 4 :
(remember that according to the previous notation ξ for a CYK tensor Q is defined by the formula ξ ν := Q µν ;µ ). It turns out that all the tensors of the form * ( dy A ∧ dy B ) (where * denotes Hodge duality related to the metricg) are Yano tensors. Tensors dy A ∧ dy B and * ( dy A ∧ dy B ) are linearly independent and there are twenty of them, therefore they span the space of all solutions of the CYK equation for the (anti-)de Sitter metric.
At the end, we consider the correspondence between CYK tensors in Minkowski spacetime and the solutions of CYK equation in (anti-)de Sitter spacetime -tensors dy A ∧ dy B and * ( dy A ∧ dy B ).
To be more precise, we examine the behaviour of the coefficients of the latter when we pass to the limit l → ∞ (as we know, in this limit the metricg becomes the flat Minkowski metric). There is, however, a crucial issue we have to mention. Any CYK tensor can be multiplied by a constant, but onM the function l is constant. Therefore in order to obtain finite, non-zero limit we have to multiply each CYK tensor by a proper power of l. Finally we get
where the space of Killing fields is spanned by the fields
is a dilation vector field. Remark: The formulae (3.28) imply that different CYK tensors in the (anti-)de Sitter metric may converge to the same tensor in Minkowski spacetime, e.g. * ( dy 1 ∧ dy 2 ) and dy
Moreover, we obtain the rest of CYK tensors in the Minkowski spacetime as follows:
where
(and s = 1 for de Sitter, s = −1 for anti-de Sitter respectively). The above formulae show how to obtain all CYK tensors in Minkowski spacetime from the solutions of CYK equation in (anti-)de Sitter spacetime.
Asymptotic anti-de Sitter spacetime
For asymptotic analysis let us change the radial coordinate in the anti-de Sitter metric (3.1) as follows
which implies that
The above particular form ofg AdS is well adopted to the so-called conformal compactification (see e.g. [14] , [18] ). More precisely, the metric g on the interiorM of a compact manifold M with boundary ∂M is said to be conformally compact if g ≡ Ω 2g
extends continuously (or with some degree of smoothness) as a metric to M, where Ω is a defining function for the scri I = ∂M, i.e. Ω > 0 onM and Ω = 0, dΩ = 0 on ∂M. In the case of AdS metric (4.1) we have
AdS , where Ω := z l .
According to [13] , [18] and [34] , our four-dimensional asymptotic AdS spacetime metricg assumes in canonical coordinates 5 the following form:
and the three-metric h obeys the following asymptotic condition:
Let us observe that the term χ vanishes for the pure AdS given by (4.1). Moreover, the terms
h and (2) h have the standard form h need not to be conformally "trivial", i.e. in the form (4.4) and (4.5) respectively. Such more general situation has been considered e.g. by Anderson, Chruściel [2] , Graham [13] , Skenderis [35] . Let us stress that in the general case only the induced metric (0) h may be changed freely beyond the conformal class, (2) h is always given by (4.81).
Moreover, (0) h and χ form a symplectic structure on conformal boundary (cf. Section 5). However, we assume the standard asymptotic AdS: The induced metric h on I is in the conformal class of the "Einstein static universe", i.e.
for some smooth function ω. This implies that our I is a timelike boundary. We use the following convention: Greek indices µ, ν, . . . label spacetime coordinates inM and run from 0 to 3; Latin indices a, b, . . . label coordinates on a tube S := {z = const.} and run from 0 to 2.
Functions y A given by equations (3.10-3.14) and restricted toM can be expressed in coordinate system (z
where k = 1, 2, 3, and
is a radial unit normal in Euclidean three-space (identified with a point on a unit sphere parameterized by coordinates (θ, φ)). Let us denote a CYK tensor in AdS spacetime by
A restricted toM, given by equations (4.7-4.9), lead to the following explicit formulae for two-forms
[AB]Q :
The other ten solutions we get applying Hodge star isomorphism. More precisely, an orthonormal frame e 0 := Ω
dθ, e 2 := Ω 
Finally, for the dual two-forms * Q we have According to Theorem 2 for conformally rescaled metric g AdS we get conformally related CYK tensors Q := Ω −3Q . Their boundary values at conformal infinity I := {z = 0} take the following form:
In Section 6, when we define charges associated with CYK tensors, it will be clear that (4.18) corresponds to the total energy and (4.19) to the angular momentum. From this point of view CYK tensors (4.20-4.21) correspond to the linear momentum and static moment. Similarly, for dual conformally related CYK tensors * Q := Ω −3 * Q we obtain the following boundary values at conformal infinity:
Let us notice that the "rotated in time" boundary values for
and respectively for
significantly simplify. We denote by (z M ) the coordinates on a unit sphere (M = 1, 2, z 1 = θ, z 2 = φ) and by γ M N the round metric on a unit sphere:
Let us also denote by ε M N a two-dimensional skew-symmetric tensor on S 2 such that sin θε θφ = 1. Boundary values for Killing vector fields L AB at I are:
Together with (4.18-4.21) and (4.4) they lead to the following universal formula:
where 35) where vol(
Formula (3.31) suggests that CYK tensor [12] Q − * [34] Q should correspond to L 12 in Minkowski spacetime hence the third (z-th) component of angular momentum may correspond to [12] Q − * [34] Q instead of [12] Q (see Section 6).
Examples
Schwarzschild-AdS solution (cf. [22] ):
may be transformed into the canonical form (4.2) with the help of the coordinate z defined by the following elliptic integral:
where b := . For the function F implicitly defined by the following conditions:
we have . On surface S the three-metric h can be expressed as follows:
with the components given only in an implicit form 6 . Moreover, the asymptotics of F :
enable one to derive the asymptotic form (4.3) for the three-metric h ab in the SchwarzschildAdS spacetime. More precisely, Asymptotic behaviour of h ab for Kerr-AdS is analyzed in Appendix A and gives the following result:
where the canonical coordinate systems (t,θ, φ, z) is precisely defined in Appendix A. Moreover, another system of coordinates (t, Θ, Φ, R) given by (A.19-A.21) enables one to check explicitly conformal flatness of According to [19] , the Plebański-Demiański metric for the case of black-hole spacetimes becomes
and
with ǫ, n and k given by the following formulae:
It is also assumed that |a 3 | and |a 4 | are sufficiently small thatP has no additional roots with θ ∈ [0, π]. This solution contains eight arbitrary parameters m, e, g, a, l, α, Λ and ω. Of these, the first seven can be varied independently, and ω can be set to any convenient value if a or l are not both zero. When α = 0, (4.55) becomes ω 2 k = (1 − l 2 Λ)(a 2 − l 2 ) and hence (4.53) and (4.54) become
The metric is then given by (4.50) with
Λal cos θ + 1 3
This is exactly the Kerr-Newman-NUT-de Sitter solution in the form which is regular on the half-axis θ = 0. It represents a non-accelerating black hole with mass m, electric and magnetic charges e and g, a rotation parameter a and a NUT parameter l in a de Sitter or anti-de Sitter background. It reduces to known forms when l = 0 or a = 0 or Λ = 0. It would be nice to understand in what sense this solution is asymptotically AdS when we choose Λ negative. We start the analysis of this question with a simplest nontrivial extension of Schwarzschild-AdS, namely we assume the following form of the metric:
which corresponds to the choice α = a = e = g = 0, Λ = − 3 l 2 in (4.50). Moreover, ). The canonical coordinate z is defined by the following integral:
which should be more deeply analyzed if we want to obtain χ. For
h the situation is much simpler because I corresponds to z = w = 0 and the induced metric at I takes the following form:
and its inverse
All the above calculations in this Section bring us closer (with the help of "succesive approximation method") to the answer what is the asymptotics of h ab in Kerr-NUTAdS spacetime. We know already the full asymptotics of Kerr-AdS, i.e. when l = 0 (see Appendix A), and we derive
h for NUT-AdS, i.e. when a = 0 (cf. (4.57), (4.81) and Appendix B). This is enough to perform the analysis of asymptotic charges (see Section 6) . We hope to extend our calculations for the full Kerr-Newman-NUTAdS spacetime in the future.
Conformal rescaling
The method exploits the properties of the asymptotic anti-de Sitter spacetime under conformal transformations. Let us consider a metricg related to g by a conformal rescaling:
It is straightforward to derivẽ
where ∇ denotes the covariant derivative of g and U := − log Ω. Moreover, in the case of asymptotic AdS we can choose
Riemann tensor is defined as usual:
To analyse Einstein equations we shall use the following formula (cf. chapter 3.7 in [38] ):
A (3 + 1)-decomposition of the rescaled metric g in canonical coordinates takes a simple form:
where h is the induced metric on a tube S. The extrinsic curvature
of the surface S enables one to derive the following Christoffel symbols for the LeviCivita connection of the metric g µν :
Moreover, the rest of them are as follows:
Ricci tensor of the four-metric g expresses in terms of initial data (h, K) on S as follows:
where by "|" we denote a covariant derivative with respect to the three-metric h and R ab (h) is its Ricci tensor. Riemann tensor (curvature of the metric g):
In particular,
The conformal Weyl tensor is defined as follows (cf. [15] )
Gauss-Codazzi-Ricci equations (4.65 -4.67) imply:
where ε abc is the Levi-Civita antisymmetric tensor for the three-metric h such that √ − det h ε 012 = 1. Components of the Weyl tensor (with respect to initial data on S) one can nicely describe in terms of traceless symmetric tensors E and B, electric and magnetic parts of W respectively. The electric part can be derived as follows:
as a consequence of (4.62-4.64) and K := K c c . The magnetic part of W takes the following form:
where S 3a = R 3a is given by (4.64), and the magnetic part (4.72) we derived as follows:
The Einstein equations with cosmological constant
may be rewritten with the help of the conformal transformation (4.61) in the following form:
where the last equality follows from (4.64). Equation (4.79) is the usual vector constraint. The scalar one is hidden in the term R ab h ab − R 33 . More precisely, from (4.62), (4.63), (4.77) and (4.78) we obtain
The equations (4.78) imply the standard asymptotics (4.3) for the three-metric h. Moreover, for the extrinsic curvature K ab we get:
where (2) h ab = 1 4
(cf. [34] ). In addition, equation (4.62) together with (4.77) rewritten in the form
Let us also notice that the leading order term in the vector constraint
corresponding to (2) h in (4.80) is equivalent to the contracted Bianchi identity
However, the next order term gives for χ the following constraint:
Equations (4.82) and (4.83) express the fact that the tensor χ which is not determined by asymptotic analysis is transverse traceless with respect to the metric
h . Finally,
the leading order term in B ab which plays a similar role to the tensor χ in E ab . Symmetric tensor β is equivalent to the Cotton tensor
via the following relation between them:
which implies that for the usual asymptotic AdS spacetime, i.e. when metric
h is conformally flat and its Cotton tensor vanishes, the tensor β has to vanish as well.
In general case, for non-trivial (0) h , contracted Bianchi identities for Ricci tensor R ab imply that the tensor β has the same properties as χ, i.e. is transverse traceless.
A generalization of some results presented in this Section to higher dimension of the spacetime can be found in [5] , [21] .
Symplectic structure on tube
In [29] the following theorem was proved: This theorem shows the universality of the symplectic structure:
In our case a boundary data on S consists of the three-metrich ab and canonical A.D.M. momentumQ ab which is related with extrinsic curvatureK ab in the usual way:
Conformal rescaling of the three-metric and extrinsic curvaturẽ
enables one to analyze the symplectic structure as follows:
Moreover,
With the help of standard variational identitites:
we analyze the singular part of (5.3) as follows:
which is a full variation up to boundary terms. Finally 6) where S ǫ := {z = x 3 = ǫ} is a tube close to infinity. Symplectic structure (5.6) on conformal boundary consists of the metric
h ab and canonically conjugated momenta
Asymptotic charges
LetF µν :=W µνρσQ ρσ and F µν := W µνρσ Q ρσ respectively. The conformal rescaling (4.59) and Theorem 2 (see [24] ) imply a simple relation betweenF and F :
According to [28] , Hodge dual of the two-formF represented by a bivector density defines an integral quantity at I as follows:
where C z is a family of spheres approaching C -sphere at infinity (cut of I ),
Let us consider asymptotic CYK tensor as a two-formQ such that a boundary value at I of the corresponding rescaled tensor Q is a linear combination of (4.34) and (4.35), i.e. its boundary value is the same as in the case of pure AdS spacetime (4.1).
For asymptotic AdS spacetime formulae (4.84) and (4.86) imply that lim z→0 + Ω −1 W is finite. Moreover, for a given ACYK tensorQ we obtain the well defined expression I(C) which depends only on asymptotic values at I . Let us check that for a given value Q at I the quantity I(C) does not depend on the choice of cut C, i.e. represents a conserved quantity. We have
where dS a := ∂ a ⌋vol(
Similarly, for * Q(L) = L⌋vol(
h ) (cf. (4.35)) we get
where β h (which is true for ACYK tensors Q) the conservation law for I(C) results from transverse traceless property of tensors χ and β. More precisely, for three-volume
Let us define the following quantity:
For ACYK tensorQ in asymptotic AdS spacetime the corresponding quantity H(Q) is conserved, i.e. does not depend on the choice of spherical cut C. In particular, for the conformal Killing vector field L and Q(L) given by (4.34) the conserved charge H(Q(L)) may be expressed in terms of electric part of Weyl tensor and takes the following form 8 proposed by Ashtekar [4] , [5] (see also [21] ):
In the Schwarzschild-AdS spacetime (4.39) for the Killing vector
definition (6.4) gives (minus) mass:
The last equality in the above formula follows from (4.41) and (4.43). Obviously, the same value −m we obtain for Kerr-AdS metric (4.44). Moreover, in the Kerr-AdS spacetime for L =
∂ ∂φ
we obtain the angular momentum:
The details of calculations for the Kerr-AdS spacetime we present in the Appendix A.1. Let us observe that our conserved quantity H(Q(L)) in terms of the symplectic momenta π ab at I takes the following form: 9) which is in the same A.D.M. form as the usual linear or angular momentum at spatial infinity in asymptotically flat spacetime (cf. [11] p. 80).
Remark: In general case, when
h is not conformally flat, it may happen that one obtains asymptotic charge which is no longer conserved -Bondi-like phenomena (cf. [28] ).
The "topological" charge one can try to define as follows:
We want to stress that, in general, we can meet problems with finding spherical cuts of I . Hence the choice of a domain of integration for the corresponding two-form Ω −1 F µν ( * Q) dS µν has to be carefully analyzed. In NUT-AdS spacetime a conformal boundary I equipped with the metric (4.57) is a non-trivial bundle over S 2 -twodimensional sphere. However, for L given by (6.6), when the above formula pretends to define "dual mass" charge, we have
where the last equality one can easily check using formulae from Appendix B. Let us notice that the resulting two-form projects uniquely on the base manifold which is a two-dimensional sphere. Finally we have 2H( * Q(L)) = l 16π S 2 4l sin θ dθ dφ = ll = l which confirms that we can interpret the NUT parameter l as a dual mass charge.
Conclusions
We have constructed all solutions to CYK equation in AdS (and de-Sitter) spacetime via pullback technique from five-dimensional flat ambient space. Analyzing three important examples: Schwarzschild-AdS, Kerr-AdS and NUTAdS, we have shown how geometrically natural two-form F (built from Weyl tensor W and ACYK tensor Q), leading to the universal definition of a global charge (6.4), enables one to understand energy, angular momentum and dual mass in asymptotic AdS spacetime. Definition (6.4) occurred to be equivalent to two other important formulae (6.5) and (6.9) .
The relation between Killing vector fields L and CYK tensors Q has been examined. However, the relation (3.31) between AdS and Minkowski suggests some ambiguity in the definition of angular momentum when the three-metric
h is not conformally flat. More precisely, CYK tensor [12] Q − * [34] Q corresponds to CYK tensor L 12 in Minkowski hence H( [12] Q− * [34] Q) should correspond to the third component of the angular momentum. Obviously, in the standard asymptotic AdS spacetime the quantity H( * [34] Q) vanishes and the ambiguity disappears.
1 z ∂z ∂θ
It is easy to check that each solution of (A.4-A.5) is simultaneously a solution of (A.3) for the metric (A.1). We are looking for a solution of (A.4-A.5) in the following form:
which leads to the following ODE's:
The solution of equation (A.6) expresses in terms of the elliptic integral
but (A.7) possesses the simple solution:
Moreover, considerations (similar to (4.40) in the case of Schwarzschild-AdS metric) lead to the following formula:
with the functionF implicitly defined by the following conditions:
Finally, we have
Analyzing series expansion of the right-hand side of (A.8) we can easily produce an asymptotic form ofF :
which enables one to analyze asymptotics at I . However, to obtain the canonical form (4.2) for the metricg Kerr-AdS we should change a coordinate θ becauseg(dz, dθ) is not vanishing. We are looking for a new coordinateθ(w, θ) with the following properties:
Orthogonality of coordinates z andθ leads to the following condition: Some useful formulae describing coordinate transformation (w, θ, φ) ↔ (ρ, Θ, Φ) are given in Appendix A.2. In particular, they enable one to prove that in new coordinates the induced metric h at I takes the following form:
(0) 
Moreover, (A.32) implies
Hence for cut C := {t = const.} ⊂ I we obtain we get the following components: together with the scalar curvature R = h ab R ab = 8(1 +l 2 ) .
The above formulae for the Ricci tensor imply R 0θ|φ − R 0φ|θ = 2l sin θ .
Moreover,
− det 
